The n = 2 and n = 3 levels for muonic Helium are calculated using a potential that includes all oneloop and recoil effects. Electronic vacuum polarization corrections are calculated using an extension of Kinoshita and Nio method. For n = 2, the results are 2p 1/2 − 2s 1/2 = 1377.64 ± 4.2 meV and 2p 3/2 − 2s 1/2 = 1524.09 ± 4.2 meV, essentially in agreement with the latest summary of the current calculations. The n = 3 results are summarized in tabular form and give 3p 1/2 −3s 1/2 = 395.60±1.2 meV and 3d 3/2 − 3p 3/2 =
I. INTRODUCTION
The tension between the determination of the proton size measured using muonic hydrogen energy levels [1, 2] and electron scattering data [3] has focused renewed attention on accurate calculations of the level splitting in muonic atoms [4] [5] [6] [7] [8] [9] . This discrepancy is also being addressed by using increasingly precise measurements of the electronic energy levels of ordinary hydrogen [10, 11] . Part of the problem in the muonic hydrogen extraction of the proton radius is related to the appropriate modeling of its complicated electromagnetic structure consisting of both electric and magnetic form factors. There are also many more QED corrections since the presence of an additional spin means that there are hyperfine and tensor interactions as well as mixing between energy levels. While these corrections are well understood, they, in some sense, get in the way of figuring out the proper way to model the size parameters of the proton. As a consequence, studying a system without these additional terms could prove helpful in understanding the nuclear corrections.
The case of muonic 4 He is considerably simpler since the nucleus is spinless and there is only one nuclear form factor and a single spin [12] . The underlying potential that describes a muon interacting with a point nucleus is
The first line in Eq. (1) is the fine structure contribution to the potential derived from the one photon exchange diagram and is usually called the Breit-Pauli potential. Including the relativistic corrections to the kinetic energy completes the fine structure contribution. The remaining terms are one-loop corrections obtained from the muonium potential of Ref. [13] by neglecting the terms containing the muon spin ( σ 2 /2). Ideally, the spinindependent terms should be verified by calculating the one-loop correction to the Breit-Pauli potential. This will be the starting point for the calculation of corrections to both the n = 2 and n = 3 levels. The parameters are: m 1 = m µ = 105.658372 MeV, m 2 = m He = 3728.400128 MeV and α = 7.297352566 10 −3 . µ is the reduced mass, λ is the infra-red cutoff, η j = m j /(m 1 + m 2 ) and γ is the Euler constant.
Explicit calculations are given for the n = 2 case to establish that this approach reproduces the usual results for the n = 2 Lamb shift. The results for n = 3 follow in the same way and are summarized in tabular form. In either case, the largest corrections to Eq. (1) are QED electron vacuum polarization corrections to the Coulomb interaction and modifications due to the nuclear form factor. These will be treated in the next two Sections. The next largest corrections are those from the fine structure portion of the potential and are calculated in Section IV. The one-loop corrections are treated in Section V and the n = 3 results are summarized in Section VI. There are also numerous smaller vacuum polarization corrections to the fine structure terms that are summarized in an Appendix.
II. VACUUM POLARIZATION CORRECTIONS
Perhaps the simplest way to treat the vacuum polarization corrections to the Coulomb potential is to use the momentum space approach of Kinoshita and Nio [14] . They show that the order by order energy corrections can be expressed as
where a denotes the Bohr radius (µα) −1 and ρ nℓ (k 2 a 2 ) is the Fourier transform of the non-relativistic probability density
The angular brackets indicate an average over the degenerate m values for a given ℓ. For the n = 2 states [14] ρ
Note that Eq. (2) contains both reducible e.g., Π
(2)
f ( k 2 ), and irreducible e.g., Π
(4) f ( k 2 ), contributions. The sum of these contributions can be obtained if one uses the dispersion representation of Källen [15] and Lehmann [16] . The electron vacuum polarization corrections to the Coulomb potential take the form
where
For any order in e 2 , the integral in Eq.
where Π (n) ( k 2 ) is the sum of all n/2 loop vacuum polarization corrections, both reducible and irreducible. In general, the expression for the vacuum polarization correction at order n is
For the 2s and 2p states, the d 3 k integrals are
With these results, the 2s and 2p states can be expressed as
where λ = m 2 e x and β = m e a. In particular, for the eē intermediate state,
For the fourth order Kallen-Sabry [17] contribution,
Ref. [22] . The results are contained in Table I . All numerical integrals were evaluated using the NIntegrate routine in Mathematica.
There is also a fourth order contribution to the electron vacuum polarization arising from second order perturbation theory. It can be written as
where V P (r) is
and g nℓ (Zr/a, Zr ′ /a) is the radial Coulomb Green's function. For n = 2 and ℓ = 0 with x = Zr/a,
The integrals over x and x ′ can be evaluated analytically and the remaining integrals were evaluated numerically. There is a similar expression for E (2) 21 with xe −x/2 replacing (1 − x/2)e −x/2 and 24 replacing 2. The radial Green's functions g 20 (x, x ′ ) and g 21 (x, x ′ ) are [18] [19] [20] [21] [22] 
where x = Zr/a and x ′ = Zr ′ /a. g 20 (x, x ′ ) differs from Ref. [21] . The numerical results are in Table I .
Finally, there are relativistic corrections to the one-loop electron vacuum polarization contributions. These were calculated using the results of Ref. [23] .
III. NUCLEAR SIZE CORRECTIONS
For a spinless nucleus, the simplest nuclear size connection comes from expanding the charge form factor as
where r 2 ≡ r 2 N is the nuclear mean squared charge radius. This leads to an effective potential
and an energy correction in the 2s state of
for Z = 2. This result is known to over estimate the correction because any reasonable form factor will contain a term order r 3 N /a 3 with the opposite sign. To illustrate this, consider the form factor F ( k 2 ) = (r 2 N k 2 /12 + 1) −2 , which is often used to parameterize form factors. The corresponding form of ∆E N 2S is
The result for helium with r N = 1.674 ± 0.012 fm is given in Table I . There is very little dependence on the power of the form factor, but the correction is of order r N /a and its coefficient could be introduced as a parameter. The majority of the error in the nuclear size correction comes from the uncertainty in r N . The value for the nuclear polarization is taken from Ref. [24] . 
IV. FINE STRUCTURE CORRECTIONS
The contributions from the various fine structure terms are 
Zα
Using these results, the total fine structure contributions are
The numerical results are given in Table I . Note that the 2p 1/2 and 2s 1/2 are not degenerate due to recoil effects.
V. ONE-LOOP CONTRIBUTIONS
The one-loop corrections consist of a spin-orbit contribution and a spin-independent contribution, both of order Z 4 α 5 . The spin-orbit correction is
where a µ is the muon anomalous magnetic moment.
The matrix element of the remaining one-loop spin independent term V ′ SI is [13] nℓ|V ′ SI |nℓ =
The Bethe sums k 0 [n, ℓ] used are ln(k 0 [1, 0]) = 2.9841285, ln(k 0 [2, 0]) = 2.8117699 and ln(k 0 [2, 1]) = −0.0300167 [25] . Again, the numerical results are listed in Table I .
VI. RESULTS FOR n = 3
The corresponding results for n = 3 can be calculated using the same techniques that were used in the n = 2 case. Wave functions for the relativistic corrections can be derived from Rose [26] , Eqs. (5.49a) and (5.49b). The necessary radial Green's functions are [21] 
where x = 2Zr/3a and x ′ = 2Zr ′ /3a. The n = 3 Bethe sums can be found in Ref. [25] The resulting level corrections and splittings are summarized in was obtained by rescaling the result in Ref. [24] using the 3s wave function evaluated at the origin.
VII. CONCLUSIONS
Starting from a potential describing the QED interaction between a point scalar nucleus and a muon that includes the one-loop level corrections and all recoil effects, the Lamb shifts for n = 2 and n = 3 muonic helium have been calculated. The effects of electron vacuum polarization were included by extending the Kinoshita-Nio [14] method to all operators in the potential. This significantly simplifies the calculation of the various corrections.
The nuclear size correction was modeled using a simple one-parameter form factor. Given an accurate value of r N , the resulting correction can be included in the prediction of the 2p 1/2 − 2s 1/2 and 2p 3/2 − 2s 1/2 splittings and the corresponding results for n = 3, or the correction can be used to extract a value of r N from spectroscopic data.
Appendix A: Details of the Vacuum Polarization Corrections to the Fine Structure
The additional corrections to the fine structure potential involve vacuum polarization modifications to the 1/r factors contained in first line of Eq. (1) as well as traditional second order perturbative corrections. For the former, the approach of Ref. [14] is very convenient. Using this technique, the expectation value of any potential V (r) can be expressed as
where V (k 2 ) is the Fourier transform of V (r) and a = (µα) −1 .
To see how this works, consider the fine structure contribution from the term Zαπδ( r)/(2m 2 1 ). Since the Fourier transform of δ( r) is 1, the contribution to the energy is
where y = ka. Using Eqs. (4), this gives Eq. (21) for the 2s state and 0 for the 2p state. To include the effect of electron vacuum polarization, recall that the leading contribution to this is given by
To calculate the Π
(2) f (k 2 )/k 2 correction, it is only necessary to introduce Π
(2) f (k 2 ) into Eq. (A2). The result, after rescaling, is
with β = m e a. The numerical results are given in Table III for n = 2.
With a slight modifications of the definition of ρ nℓ , the other fine structure terms can be treated in a similar way. The expectation value of the fine structure spin-orbit term is
whereρ
and the angular brackets denote an average over the degenerate m values. For n = 2 and ℓ = 1,ρ 21 (k 2 a 2 ) is
Then, after setting k = y/a,
This agrees with Eq. (22) . Because of the 1/r 3 behavior, the vacuum polarization correction is obtained by inserting 2α(Π (2) +Π (2) )/π into Eq. (A5), wherē
yielding
The remaining fine-structure electron vacuum polarization correction can be obtained in an analogous way by defining a modified ρ nℓ (k 2 a 2 ) that involves averages of derivatives of the radial wave function. Explicitly,
The vacuum polarization correction is obtained by inserting Π
(2) f (k 2 ) into the integral in Eq. (A11). Table III contains the numerical results.
In addition, there are second order perturbative corrections that involve V P (r) and one of the terms contributing to the fine-structure corrections. They all can be reduced to the form
The various contributions are enumerated in Table III . 
Appendix B: Details of the Vacuum Polarization Corrections to the Nuclear Size
Using the nuclear charge form factor model F (k 2 ) = (r 2 N k 2 /12 + 1) −2 , the inclusion of the vacuum polarization correction is given by ∆E N (nℓ) = − 2µZα 2 π dx Π
f (x/β) (F (x/a) − 1) ρ nℓ (x 2 ) .
For n = 2, ℓ = 0, 1 numerical integration gives the results in Table IV .
The second order vacuum polarization correction to the nuclear size for n = 2, ℓ = 0 can be written ∆E N = 2µ 2 Zα dr r 2 R 20 (Zr/a)V P (r) dr ′ r ′2 g 20 (Zr/a, Zr ′ /a)∆V N (r)R 20 (Zr ′ /a) ,
where ∆V N (r), the correction to −Zα/r, is ∆V N (r) = Zα r 1 + √ 3r/r N e −2 √ 3r/rN .
The integrals over r and r ′ can be integrated analytically and the integral over ∆ (2) (x) was evaluated numerically. The result is found in 
